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ELEMENTARY EQUATIONS OF MOTION FOR FREE ASCENDING 
CYLINDRICAL PONTOONS 

INTRODUCTION 

The follov/ing paragraphs present several elementary equations 
to describe the motion of a free ascending recovery system and attached 
object. The recovery system consists of a buoyancy pontoon and an 
instrument compartment. The buoyancy pontoon is a pressure balanced 
vertical cylinder with a negligible mass. The instrument compartment 
is located immediately below the pontoon and contains the necessary 
instrumentation, batteries, and gas generator equipment to operate the 
recovery system. The instrument compartment also contains sufficient 
buoyancy foam to make the entire recovery system neutrally buoyant. 
The recovery object geometry is unspecified but assumed to be hydro- 
dynamically stable with a maximum diameter of Dn, and cross-sectional 
area of An. 

hH 

The water is a uniform density medium, initially motionless. The 
buoyancy gas vented from the pontoon is exhausted in such a manner as to 
not influence the motion of either the pontoon/object or the surrounding 
water column. The drag force exerted on the pontoon and object is vis¬ 
cous pressure drag; skin friction drag is negligible. Finally, the pon¬ 
toon and object are close-coupled and behave as a single body whose charac¬ 
teristic dimension is the maximum projected cross-sectional area normal 
to the direction of motion. 

The use of this simple flow model permits the interaction of geo¬ 
metry variables and pontoon motion to be studied without the influence 
of nonuniformities which may exist in the flow field such as ocean cur¬ 
rents, or density changes. This flow model will be used to predict the 
ascent velocity and change in ascent velocity for free ascending pontoons 
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and to predict porpoising of pontoons at the surface. Dimensionless 
parameters will be used wherever practical to present generalized 
results. 

ASCENT VELOCITY 

Based on the assumptions listed above, the ascent velocity of 
the pontoon/object is 

X = ( 
2 FB , 

Pw^D^D1 

1/2 

where X = ascent velocity . 

Fb = net system positive buoyancy 

Aq = maximum projected cross-sectional area 

Cp = empirical drag coefficient 

pw = seawater density 

(1) 

Recall that the weight of seawater displaced by the pontoon is 

r — _ a i / o \ 
'p PwnpLp 

where Fp = weight of seawater replaced by pontoon 

Ap = pontoon cross-sectional area 

Lp = pontoon length 

Substituting for in equation (1) we obtain 

Ap 

Introducing the nondimensional terms 

ot - Ap/Aq 

and 

(3) 

(4) 

3 = FB/Fp (5) 

a is the ratio of the pontoon cross-sectional area to the maximum projected 
cross-sectional area of the pontoon/object. 3 is the ratio of the system 
positive buoyancy to the displacement of the pontoon. Note that the range 
of both these parameters is zero to unity. 
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0 < a, £ < 1 (6) 

A value of unity for a means the pontoon cross-sectional area is greater 
than or equal to the object cross-sectional area. A value of a less than 
unity means that the object area is greater than the pontoon area. A 
value of unity for S means the pontoon is ascending without an object. 
For typical recovery operations, the value of 8 will be 0.1 or less. 

Substituting equations (4) and (5) into (3) we obtain 

X = (t?- 6 c* Lp) 
D 

1/2 
(7) 

The drag coefficient of bluff b.odies is rather insensitive to geometry, 
and most shapes have a drag coefficient of approximately unity. Thus, we 
may consider equation (7) to contain two independent variables, 8 and Lp, 
and one dependent variable, a. Consider first the case where only very 
dense objects are being recovered, i.e., a = 1. Figure 1 shows the varia¬ 
tion of ascent velocity with pontoon length and buoyancy ratio. For a 
constant buoyancy ratio the ascent velocity increases with increasing 
pontoon length. Alternately, to maintain a constant ascent velocity, the 
buoyancy ratio must be decreased as the pontoon length is increased. In 
a model study, or where a family of pontoons are to"be developed concur- 

i+ chnnlH Kc irv'f'orl 4-h “i-f 4 4^ r'Anr4-=>n+' d r n 4- 4 c 4 a -jr ,, i o i m i - U5cu, the buOyaney r a L i us Of Llie larger pohtuui’iS niUSt ue VeUuCeu. 
larly, if a constant buoyancy ratio is desired, the larger pontoons will 
ascend faster than the smaller ones. 

In typical "large" recovery operations, the a term is expected to 
be less than unity. Sunken ships or missiles have large voids or flooded 
compartments which result in the area ratio being quite small. In this 
case, the ascent velocity will be lower than shown in Figure 1 for a 
specified buoyancy ratio. The result will be that for bulky objects, the 
buoyancy ratio must be increased to maintain a specified ascent rate and 
this extra buoyancy will be dissipated as drag on the object.' 

For recovery operations from moderate {5000 ft) depths, the pontoon 
positive buoyancy and, hence, pontoon ascent velocity are fairly constant. 
However, at deeper depths, the pontoon positive buoyancy is significantly 
increased due to the loss of mass of the buoyancy gas vented during the 
ascent. The change in positive buoyancy may be expressed as 

AF B 

or 

ApnADLp = FD 
9 P P py P 

-1 - Apg 
(3) 

where 

hP pw 

Apg = change in buoyancy gas density 
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A hydrazine fueled pontoon, for example, ascending from 20,000 ft 
would have an initial buoyancy gas density of approximately 14 Ib/ft^'and 
buoyancy gas density at the surface of approximately 0.03 Ib/ft^. Thus, 
the increase in positive buoyancy would be 

AF B _ 14 - 0.03 
64 = 0.22 

That is, a recovery system just slightly buoyant at 20,000 ft would have 
a positive buoyancy of 22% at the surface. Similarly, a recovery system 
which had 10% positive buoyancy at 20,000 ft would have 32% positive 
buoyancy at the surface. 

The change in ascent velocity over large depth ranges may be 
expressed as 

ml/2 
2{FBi + AFb) 

Xi + AX 
pwCDAD 

(9) 

where X^ = initial terminal velocity 

Fg.j = initial system positive buoyancy 

Rearranginq eouation (9) and usinci eouation (11 we obtain 

where 

AX 2(FBi +AFb) 

pwCDAD 

1/2 / . n \ 1/2 
[ PwCDAD \ 

\ 2FBi / 
- 1 

JFBi + AFB 
1/2 

FBi 

= 1 + 

FP FBi 

- 1 

1/2 

- 1 

1/2 

- 1 (10) 

= FBi/FP 

The percentage change in ascent velocity is dependent, only on the change in 
buoyancy gas density and the'initial buoyancy ratio and is independent of 
the size of either the pontoon or the object. The change in buoyancy gas 
density is dependent on the type of buoyancy gas and the recovery depth. 

I 
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Figure 2 shows the variation of ascent velocity change with initial 
buovancv ratio and gas density change for hydrazine produced buoyancy 
gas at depths of 5000 and 202000 ft. At an initial buoyancy ratio of 
5%, the ascent velocity increase is 140% and 57% from depths of 20,000 
ft and 5000 ft, respectively. Thus, recovery operations from deep depths 
will result in significant increases in ascent velocity as the system 
ascends through the water column. Also, increasing the initial buoyancy 
ratio will decrease the percentage of velocity change which will be 
experienced ever a specified depth range. 

MAXIMUM PORPOISE HEIGHT 

When the pontoon reaches the water surface, the positive buoyancy 
of the pontoon pushes the top of the pontoon a short distance out of the 
water. The inertia of the system causes the pontoon to overshoot this 
equilibrium distance and move farther out of the water. The equation of 
motion for the pontoon porpoising the surface is 

where 

Mt d^x I -7^ Ff Bs L 

total mass of pontoon and object, constant 
r\rm-f*f\nn r\ o r- n -Ft wo H m nv / a y> r'w ho-Pnv-'o i c--i n n r- 11 ^ w.. r ~ ■ -v ^ v-. vr ~ • r - 

loss of buoyancy due to porpoising 

distance from top of pontoon to surface 

(11) 

cons tsnt 

Drag forces acting on the pontoon during porpoising have been neglected. 
This assumption will yield slightly higher porpoise heights than if a 
drag force were assumed present but allows equation (11) to be integrated. 

The loss of buoyancy due to porpoising, neglecting the pontoon mass, 
may be expressed as 

FL = pwApx (for X >l 0) (12) 

Substituting equation (12) into (11) and recalling that 

d2X y _ dX dX A dX 

we obtain 

2 dX = pwAP y 
A dX MT " MT A 
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or 
, . p '■'A 
XdX = p"- dX - ^ XdX 

Integrating equation (13) from X = 0 to X = X 
max 

and X = X$ to X = 0 

where X = maximum porpoise height 
If IQ A 

X^ = ascent velocity at surface before porpoising 

we obtain 
X F. - s Bs 
~2 My "max My 

p An x 
w P max 

(13) 

or solving for X max 

X = + 
max pwAp 

Fd 2 MrX 
+ JLs 

pwAP P-A 

• 2 11/2 

JwnP 

Dwidirm throuali bv we obtain 
r 

max _ 
Lr, _ BS + 

.2ll/2 
9 MTX | 

+ Wj (14) 

where 6S = FBs/Fp 

Replacing ascent velocity with equation (7) we finally obtain 

ft2 + 2 a Mt 
3s + CD 3s a Fp 

1/2 

(15) 

The nondimensional porpoise height depends on the buoyancy ratio at the 
surface, the empirical drag coefficient, the pontoon to drag area ratio 
and the total system mass to pontoon displacement ratio. Neglecting 
variations in the drag coefficient, and for the special case where the 
pontoon area is equal to the drag area, the nondimensional porpoise height 
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is independent of the pontoon length-to-diameter ratio. That is, for a 
given buoyancy ratio, a long slender oontoon will porpoise out of the 
water proportionally as far as a short stubby one. 

Another special case of interest is one where the object area is 
very large compared to the pontoon area (a r 0), then 

X 
(a t 0) (16) s 

This is the smallest maximum porpoise height which could be realized from 
equation {15). 

For most recovery systems being considered, the pontoon mass is 
negligible compared to the object mass. Hence 

where M0 = object mass 

For this case 

or 

(17) 

where VQ = effective volume of object 

P0 = effective density of object 

Introducing the object specific gravity 

equation (17) becomes 

(18) 
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Substituting equation (18) into (15) we obtain 

X max 

For this case where the recovery system mass is negligible compared to the 
object mass, the pontoon porpoise height is deoendent on the buoyancy ratio 
at the surface, the empirical drag coefficient, the object specific gravity, 
and'the pontoon-to-drag area ratio. Figure 3 shows the effect of these 
parameters on the porpoise height for drag coefficients of 1.0 and 1.5. 
Increasing the surface buoyancy ratio or the pontoon-to-drag area ratio 
increases the porpoise height, while increasing the object specific gravity 
or the drag coefficient decreases the porpoise height. From the range of 
parameters shown in this figure, it is evident that for a typical recovery 
operation, the pontoon would not porpoise completely out of the water. 

SOFT PONTOON CRITICAL RE-ENTRY DEPTH 

Once the pontoon has reached its maximum porpoise height, it will 
re-enter the water and start oscillating a't the surface in a damped 
manner. Buoyancy gas venting, which has occurred continuously during the 

5 rj. t,. ujtr Mid.a i iiiUm jjufjjy r _ H»r * m?» (, i t r:, 5 jii i ij HiiUtii njmj'j £ji i. ii'r6S“ 

sure) ana the mass of buoyancy gas remaining in the pontoon Decomes tixea. 
As the pontoon oscillates at the surface, cither differential pressures 
are created across the pontoon walls or the displacement of pontoon varies. 
The re-entry depth on the first oscillation will be the largest and the 
most critical to the pontoon. For hard pontoons, that is pontoons whose 
displacement does not vary with the differential pressure between the 
pontoon and the ambient water, the pontoon must be structurally capable 
of withstanding the differential pressures encountered during this bobbing 
at the surface. The displacement or positive buoyancy of the pontoon, 
however, remains constant. For soft pontoons, that is pontoons where 
increasing water pressure will compress the buoyancy gas in the pontoon, 
differential pressures are eliminated but pontoon displacement will 
decrease with increasing depth. The positive buoyancy of the system will 
be a minimum at the maximum re-entry depth and if the buoyancy decrease 
due to re-entry exceeds the original net positive buoyancy of the pontoon 
and object, the system will sink back to the bottom. 

At the maximum porpoise height (minimum ambient pressure) the 
amount of gas in the pontoon becomes fixed. The pressure and volume of 
the gas at this point is 

P, = Pa + n (lD - X _ 
1 Kw ' P max (20) 

(21) 
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where = pontoon gas pressure at maximum porpoise height 

= pontoon gas volume porpoise height 

Pa = atmospheric pressure 

At any other time the gas pressure and volume are 

P = Pa + pw <Lp ~ X - H) (22) 

V = Vx - ApH (23) 

where H = distance water enters pontoon to compress the gas 

Assuming the gas remains at a constant temperature5 we may apply Boyle’s 
law and relate equations (20) through (23) 

P V1 
v~- \T 

or 

PaH-pw e-p - * - h) Vt. 
Pa + P... ll-0 - An(L„ - H) 

It I i i 

Solving for X/Lp y 
i _ max 

H Pa ( H/LP v LP 
tp • (r^Tr/Lp) - ~m; (24) 

The maximum distance the water may enter the pontoon without causing the 
system to sink is 

H cri t 
Bs 

pw^P 
(25) 

Note that equation (25) represents the condition where neutral buoyancy 
is reached. Also, 

H crit 

Substituting equation (26) into (24) we obtain 

Xcrvt = i _ q _ i 

(26) 

crit ^ n Pa 
17 " 1 " 6s " 

_ , A_, . 1 ' 
pw^P 1 " i - 3C -p ■'W'P " r'S * ^s 

where ~ maximum re-entry.depth without sinking 

(27) 
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The critical re-entry depth is dependent on the surface buoyancy ratio, 
the pontoon length, and the maximum no^cise height. Increasing either 
the pontoon length or the maximum porpoise height decreases the critical 
re-entry depth, while increasing the surface buoyancy ratio increases it. 
Figure 4 shows these trends more clearly. The upper curve in Figure 4 
shows the variation of re-entry depth with buoyancy ratio for pontoon 
lengths of 5 and 20 ft with an initial porpoise height of 25% of their 
respective pontoon lengths. A re-entry depth of 0% means the top of the 
pontoon can only return to the surface but no further. Negative values 
of X ../Lp represent distances below the surface the top of the pontoon 
may aesdena to without sinking. A 20-ft long pontoon which has porpoised 
25% out of the water and had a buoyancy ratio of 7% before porpoising 
cannot become fully submerged without sinking. If the buoyancy ratio is ' 
increased to 20%, the pontoon may descend approximately one-half a pontoon 
length below the surface, or about 10 ft. But if the maximum porpoise 
height is increased to 75%, a 20-ft long pontoon cannot become fully 
submerged even at a 20% buoyancy ratio. Similarly, a 5-ft long pontoon 
which has porpoised 75% out of the water must have a buoyancy ratio 
greater than 9% before it could become fully submerged and still remain 
at the surface. Thus, it is clearly evident that soft, cylindrical 
pontoons, more than a few feet in length, are not expected to remain at 
the surface after porpoising unless additional provisions are provided 
to control the pontoon motion at the surface. 

OAMni r r' n r- r~r- 
OMI'irL.!- UttOi-O 

To illustrate the use of these equations, three sample cases are 
presented. 

Case I 

Consider a concrete and steel object which is to be recovered from 
5000 ft. The object has an in-water weight of 9.3 S tons, a specific 
gravity of 2.25, and a maximum diameter of 6 ft in the horizontal plane. 
The object is to be recovered with a soft, hydrazine-fueled, cylindrical 
pontoon of negligible mass which has a displacement of 10 S tons and is 
6 ft in diameter and 12 ft long. The overall recovery system drag 
coefficient is 1,0. 

Hence g. = 0.01 

FBi = 200 lb 

a = 1 

CD " 1 
Lp = 12 ft 

SG0 = 2.25 

p = 64 lb/ft3 
w 
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The initial terminal velocity is (equation (7)): 

v ~ ( 2 a | \1/2 
Xi ■ (C^6i a LP) 

1/2 
= Y (0.01)(1)(12)(32.2) 

=2.78 ft/sec 

The gas density change from 5000 ft to the surface is 

, M? - M3 , 0 0728 
Pw 

and the increase in positive buoyancy is (equation (8)): 

AFb Ap 
—p—- = —3- = 0.0728 

FP pw 

AFb = 0.0728(10)(2000) = 1456 lb 

The buoyancy ratio at the surface is: 

p _ FBi + AFB _ 200 + 1456 _ n nono 
8S-p- 2Q-;ooo. “ 0-0828 

The corresponding change in ascent velocity is (equation 10)): 

(1+^. 1)1/2.! 
x. Pw 

1 + (0.0723) (q—) 
1/2 

1 

= 1.878 

AX ■= 1.878(2.78) = 5.22 ft/sec 

The pontoon ascent velocity at the surface just before porpoising is 

Xs = ^ + AX = 2.78 + 5.22 = 8.00 ft/sec 
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Thus, the recovery system starts up from the bottom with an initial 
positive buoyancy of 1% and a velocity 2,8 ft/sec. By the time the 
system reaches the surface, the positive buoyancy has increased to 8,3% 
and the ascent velocity is 8 ft/sec. 

The maximum porpoise height of the pontoon at the surface is 
(equation (19)): 

max q , 
es+ cp M1 - )a 

1/2 

= 0.0828 + (0.0828)2 + (j-){0.0828)(1 - 0.0828) -j) (1) 
11/2 

= 0.612 

Xmax = (°-612)(12) = 7.35 ft 

The critical re-entry depth of the pontoon after porpoising is (equation (27)): 

•■p 

P* 

pwLP 
\ 1 

X 

K . 
—o-) 

1 Xm,X/LP 

= 1 - 0.0828 (14.7)(144) ( 0.0828 v 
(64)(12) 4 - 0.0828 

1 - 0.612 
1 - 0.0828 

= + 0.245 (>0) 

Xcri t + 2.94 ft 

Since the critical re-entry depth is greater than zero, the pontoon would 
not remain at the surface after porpoising. 

Case II 

To limit the rise rate and porpoising, it is decided to add a 
drogue chute to the pontoon in the previous example. The drogue chute has 
a diameter of 20 ft and the overall drag coefficient of the system remains 
at 1.0. 

Hence, a = (^j-)2 = 0.09, instead of 1.0. 
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The initial terminal velocity is 

Y (0.01)(0.09)(12)(32.2) 
1/2 

=0.83 ft/sec 

The positive buoyancy and velocity increase during the ascent remain 
the same as in the previous example 

6S = 0.0828 

— - 1.878 

*1. 
The ascent velocity at the surface becomes 

X$ = X. + AX = 0.83 + 1.878(0.83) = 2.39 ft/sec 

The maximum porpoise height at the surface is 

max 
Ln I 

= 0.0828 

= 0.260 

4. ffn j. ~ fn osorWi n np9pU—'^Wn no'll 
1/2 

Xmax = 3‘12 ft 

And, the critical re-entry depth is 

= 1 - 0.0828 
P 

=-0.14 

(14.7)(144) t 0.0828 \ 1 - 0.260 
(6^K (12) - 0.0828; " 1 - 0.0828 

Thus, the drogue chute reduced the maximum ascent velocity from 8 ft/sec 
to 2.4 ft/sec, reduced the porpoise height from 7.4 ft to 3.1 ft, and 
increased the critical re-entry depth from 2.9 ft above the water surface 
to 1.7 ft below the surface. But, a pontoon is expected to re-enter the 
water at least as far as it porpoised out of the water; hence, the pontoon 
will still not remain at the surface. 

is- 

lS 



Case III 

To try to keep the pontoon at the surface it is decided to employ 
a_drogue chute with a higher drag coefficient. In this case, the chute 
diameter is held at 20 ft but the overall drag coefficient is increased 
to 4.0. 

The initial terminal velocity is 

X i = (0.01) (0.09) (12) (32.2) 
1/2 

= 0.42 ft/sec 

The velocity at the surface is 

Xs = 0.42 + 1.878(0.42) = 1.20 ft/sec 

The maximum porpoise height is 

j1^ = (0.0828) + 
P 

!(0.0823)2 + !<0.0828)(1 - 0.0828) (^||) (0.09) 
1/2 

= 0.197 

Amax 
r- t-' i 

ou it 

The critical re-entry depth becomes 

= 1 - 0.0828 - (14.7)(144) 
(64)(12T_ 

/ 0.0828 \ 
\1 - 0.0828J 1 - 0.197 

1 - 0.0828 

=-0.207 

In this case, the ascent velocity range is between 0.4 ft/sec and 1.2 ft/sec 
and the excursions at the surface are moderate with a maximum porpoise height 
of 1.4 ft anda critical re-entry depth of 2.5 ft. 

The ability of this system to remain at the surface must be considered 
marginal since the critical re-entry depth is only slightly greater than the 
porpoise height. 

SUMMARY 

1. To limit the ascent rate of large pontoons to 2 ft/sec or less, 
positive buoyancy ratios of 1% or less may be required. At these lav 
buoyancy ratios slight variations in the flow field may have a profound 
influence cn the motion of the system. 
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2. Recovery systems ascending from deep depths will experience 
significant increases in positive buoyancy and rise rates. These in¬ 
creases are the result of buoyancy gas being vented during ascent and 
thereby decreasing the in-water weight of the system. 

3. - Pontoon porpoising at the surface is not excessive and will 
be less than one pontoon length for the vast majority of cases. 

4. Soft, cylindrical pontoons, more than a few feet in length, 
are not expected to remain at the surface after porpoising unless addi¬ 
tional provisions are provided to control the pontoon motion at the surface. 
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